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A REPRESENTATION THEOREM
FOR CYCLIC ANALYTIC TWO-ISOMETRIES

STEFAN RICHTER

ABSTRACT. A bounded linear operator 7 on a complex separable Hilbert space
# is called a 2-isometry if T*>T?—2T*T+1=0. Wesay that T is analytic if
Nyso T"# = (0). In this paper we show that every cyclic analytic 2-isometry
can be represented as multiplication by z on a Dirichlet-type space D(u) .
Here u denotes a finite positive Borel measure on the unit circle. For two
measures 4 and v the 2-isometries obtained as multiplication by z on D(u)
and D(v) are unitarily equivalent if and only if u = v . We also investigate
similarity and quasisimilarity of these 2-isometries, and we apply our results to
the invariant subspaces of the Dirichlet shift.

1. INTRODUCTION

Let T be a bounded linear operator on a complex separable Hilbert space
# . Following J. Agler [1] we say that T is a 2-isometry if

TT? _2T"T+1=0.

Using quadratic forms we see that T is a 2-isometry if and only if
||T2x||2 - 2||Tx||2 + ||x||2 =0 forevery x € .

It follows that every isometry is a 2-isometry. The Dirichlet shift is an ex-
ample of an operator that is a 2-isometry, but not an isometry.

A study of 2-isometries and related operators is of interest for several rea-
sons. First, even though the spectrum of any 2-isometry must be contained in
the closed unit disc, the operator must always expand the norm of every vector
in the space. Thus, the 2-isometries are examples of operators which are not
members of classes which have been extensively studied like, e.g., the class of
contractions or subnormal operators. Secondly, as 2-isometries are generaliza-
tions of isometries, we shall show in a forthcoming paper that they can be used
as dilations for another class of expanding operators.

Our current interest in 2-isometries is based on the observation that, if T
is a 2-isometry and .# is a nonzero invariant subspace of T, then T|# isa
2-isometry as well. This fact was one of the key ideas that enabled the author
in [9] to show that every invariant subspace of the Dirichlet shift is cyclic.
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We also mention that recent work of Agler [1] provides a different kind of
motivation for the study of 2-isometries.

We call an operator T € Z(#) analytic if (., T"# = {0}. The intuitive
idea behind this definition is that, if # is a Hilbert space of analytic functions
on a domain containing the origin and if M, denotes the operator of multiplica-
tion by z actingon # , then M, is analytic. The study of analytic 2-isometries
is a natural starting point for a more general study of 2-isometries, because, as
we shall show in forthcoming work, every 2-isometry can be uniquely written
as the direct sum of a unitary operator and an analytic 2-isometry.

The main result of this paper (Theorem 5.1) is that every cyclic analytic 2-
isometry can be represented as multiplication by z on a Dirichlet-type space
D(u). The space D(u) depends on a positive Borel measure u supported on
the unit circle T. This dependence is such that two multiplication operators
M, acting on two spaces D(u) and D(v) are unitarily equivalent if and only
if u=v.

Using this representation theorem we shall investigate similarity and qua-
sisimilarity of cyclic analytic 2-isometries (§6). In §7 we shall apply our results
to invariant subspaces of the Dirichlet shift. For example, we shall show that
every invariant subspace of the Dirichlet shift is of the form fD(m ), where
f is a Dirichlet space function and m s is an absolutely continuous measure
associated with f.

In [6] Halmos asked the following question: If T is a weighted shift op-
erator and if .# is a nonzero invariant subspace of 7, is T|.# similar to a
weighted shift operator? This question was motivated by the observation that
the answer is yes for the unilateral shift. Furthermore, if T can be represented
as multiplication by z on a Hilbert space of analytic functionson D, if T -4
is bounded below for every A € D, and if .#Z is generated by a finite Blaschke
product, then T|.# is similar to a weighted shift operator. It has been. known
for quite some time that the answer to the question in general is no. However,
it remained open in the special case when 7T is the Dirichlet shift (see [11, p.
109]). In Theorem 7.3 we shall see that the restriction of the Dirichlet shift to
an invariant subspace .# is similar to a weighted shift operator if and only if
A is generated by a finite Blaschke product.

2. PRELIMINARIES

All Hilbert spaces referred to in this paper are separable. Although we use
m to denote Lebesgue measure on T, we shall write dt instead of dm(¢).

On various occasions throughout the paper we shall refer to the D_-spaces,
a € R, of analytic functions on the open unit disc. The norm on D, can be
given in terms of the Taylor coefficients: if f(z) = 3 f(n)z", then ||f ||(21 =
S (n + 1)*|f(n)|*. For & =0 one has D, = H? and for o = 1 D, =D, the
Dirichlet space. It is easy to verify that f € D_ if and only if f = D, ,. For
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a < 0 an equivalent norm is given by

J[ @tz dac).

For the details see [13, Lemma 2]. In partlcular we note that the H*-norm of
a function f is equivalent to |f(0)|’ + [ 1f'(z 2)A(1 = |z*) dA(z).

We shall now review a few properties of 2-isometries, which are essentially
contained in [9, §2]. Lemma 1 of [9] implies that for every 2-isometry 7 one
has T*T —1 > 0. Thus we can define D to be the positive square root of
T*T — I. The following lemma follows from formula (11) of [9].

Lemma 2.1 [9]. If T € Z(#) is an analytic 2-isometry and x, € kerT",
lIxoll = 1, then

2 2 2
(2.1) Ip(T)xoll" = lIpllzz + Y I1Dp, (T)x,
k=1

2
= llpll32 +Z T2 (D)%l = R (T)x]1%)

for every polynomial p. Here for k > 0 we used the notation
=Y B(n):z"
n=k

Proof. Tt is clear from the definition of D that the two right-hand sides of (2.1)
are equal to one another. Thus we only have to verify the first equality.

Let L be the left inverse of T with kerL = kerT* and let Q be the
projection onto ker 7°. Then for all k > 0 we have QLkp(T)xO = p(k)x,
and T"Lkp(T)x0 = pi(T)x,. The fact that T is a 2-isometry implies that
||DTkx|| = ||Dx| for every x € # . Now (2.1) follows from formula (11) of
[9] applied with # =# and x = p(T)x,

I2(T)xl* = QL p(T)xolI* + S IDLEp(T)x,
k=0

k=1

= S 1Bk PIx > + Y IDT L p(T)x, |

k=0 k=1

2 2
= Iplly2 + D IDp ()X, O
k=1

3. THE SPACES D(u)

In this section we state and prove the basic facts about D(u). We shall
see that D(u) is always contained in H?, that multiplication by z defines a
bounded linear operator on D(u), that this operator is a 2-isometry, and that
the polynomials are dense in D(u).
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Let u be a positive finite Borel measure on the unit circle T = {z € C: |z| =
1} and let P(z,e") = (1 —|z|*)/|e" — z|* denote the Poisson kernel. Define
the positive harmonic function ¢ , on the open unit disc D by

1 2n ;
¢,,(2)=E A P(z,e"Ydu(t).

If u=0,thenlet D(u)=H 2. otherwise we define the space D(u) to consist
of all analytic functions f on the open unit disc D such that

(3.1) J[ 1 @) e, 2 dz) < .

Here dA denotes normalized Lebesgue area measure on D, ie., dA(z) =
(1/m)rdrdt, where z = re' .

Lemma 3.1. If f € D(u), then f € H*. In fact, if u # 0, then there is a
constant C = C(u) > 0 such that for any analytic function f on D

1115 <€ (1707 + [[ 17/ @) g, 2)datz))

Proof. We may assume u # 0. Suppose f is analytic on D. In §2 we noted
that the H’-norm of a function f is equivalent to

FO)P + / 17 @P (1~ 12 dAz):
thus there is a ¢ > 0 such that
W% < <|f(0)| ¥ / (20— |2P) dA( z))

If zeD then : : (T)
u
— | —— >0 7
2n / le" — z|? u(t) 2 8n

In the following estimate, as in the rest of the paper, we shall use the letter ¢ to
denote a generic constant whose value may change from line to line, but which
never depends on the function f. We have

11 < c (|f<0)|2 + / ()R - |z|2>dA<z>)
<c (170 + 2% [[ 17 @,z d4(2))

SC<|f(0)| " / /D 7@ p,(2)dA(z)) . ©

It follows from Lemma 3.1 that we can define a norm on D(u) by setting

I = 100 + | /D (2P0, (2) dA(z).

We call attention to the special case when u coincides with m , the Lebesgue
measure on T. In this case we have D(m) = D, the Dirichlet space.
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In the following example we shall see that even if 4 is mutually absolutely
continuous with respect to Lebesgue measure, it does not follow that D(u) C H?
forany p > 2.

Example 3.2. Consider the measure u defined by du = |1 - e”lz dt =
2(1 —Ree")dt. We have for z €D,

0,(2)=2(1-Rez)=[1—z[ +1- |z

<=z +2]1—z| < 4|1 — 2.

Now let 0 < a < 1/2 and define f(z) = (1 — z)™®. Then f'(2)
—a(1-2)"*"" and

J[17 @Pordaez) < do? [[ 1 -2 dt(z) < o0,

since 2a + | < 2 and area measure integrates over singularities of this type.
Thus, f € D(u), whenever a < 1/2.

On the other hand f € H” if and only if o < 1/p. Hence D(u) is not
contained in H” forany p > 2.

Point evaluations on D(u) are continuous because D(u) is continuously
contained in H* and point evaluations on H? are continuous.

Note that D(uz) N H™ is an algebra for every u. Indeed, if f, g € D(u)N
H® , then clearly fg € H™ . A simple estimate shows that fg € D(u) as well.

We further note that since q)u(z)dA(z) is a finite measure on D, D(u)

contains every H 2 function that has a bounded derivative. In particular, D(u)
contains the polynomials. We shall see later (Corollary 3.8) that the polynomials
always form a dense set in D(u).

Our first goal is to show that the linear transformation M_, f — zf, defines
a bounded linear operator on D(u). In addition, we shall see that M, is a
cyclic 2-isometry. Prior to this we need a few lemmas.

If f is an analytic function on the unit disc, then f has a Taylor expansion
f(z) = Z:‘;o f (n)z" . Associated with f and a nonnegative integer k we define
the truncated analytic function 7, f by

(T N(2) =) f(m)z".
n=k

Furthermore, for 0 <r <1 weset f(z) = f(rz).
In the following let RD denote the open disc of radius R. Then for any
analytic function f on D andany 0<R< 1, [[p |f'(z)|2(o#(z)dA(z) < oo,

and if f € D(u), then ||fl3z + [fep| /' (2)’0,(2)dA(z) — IfIl} as R 1,
R < 1. It follows that an arbitrary H*? function f isin D(u) if and only if
[Izo |f'(z)|2¢#(z) dA(z) is bounded independently of R< 1.
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Lemma 3.3. Let 0< R< 1. If f is analytic on D, then

N2 A _°°12"T ReVPo (R d
J[ 17 @) <z>-l§ﬁ/0 (T, ))(Re")p, (Re") dt

Proof. In the proof it will be convenient to use the least harmonic majorants of
the subharmonic functions |7, fR|2 ,sofor 0< R< 1 and k >0 define

2n . .
w N = 37 [ TSP, ) ds.

Using Fubini’s theorem and the fact that P(Re”, e') = P(Re", ) we see
that for each nonnegative integer &,

2n . .
3 |, (@R o, (R ds
2n 1 2n s is
= 0 / (T, f)(Re™)2P(Re" , &) ds du(t)

1

2n it
= /0 U, o((Re")du(t).

Thus we have to show that

[[ i@, dac) Z /2"uk (/) (R du(t).

A second application of Fubini’s theorem yields

[ 17, (2 dacz T @R, ey daz) dut).
RD

hence it suﬂices to show that for each fixed ¢ € [0, 2] we have

J[ PPz e daz) = Y g(N(Re").
RD k=1

To this end let ¢ € [0, 27]. Two short computations with Poisson kernels
show that for all nonnegative integers n, m,

1 (% itn—m)s it s In—m| i(n—mjt
ﬂ/ e P(Re ,e )ds=R e ,

2n . .
// 2"2"P(z, e" )dA(z 2/ / fn= m)SP(re”, e')ds gy
RD 27

=2/ (r|n—m|ei(n—m)1)rn+m+ldr
0

_ ei(n—m)t (RZ)max(n,m)+l

max(n, m)+1°




CYCLIC ANALYTIC TWO-ISOMETRIES 331

The Taylor series of f(z) and f'(z) converge absolutely and uniformly on
RD ; thus

J[ 1@, e
RD
_ZZn+1 (n+ 1)(m+1)f(m+1) // zsze )dA(z)

,m>0

max(n, m)+1
=3 S (n+ D) f(n+ 1)(m+ 1) f(m + D™ (R)

max(n, m) + 1

n,m>0

=>">"nf(n)m Hn=m)t @M

n,m>1 max(n, m)
=ZZf(n)f(m)min(n, m)R"+mRIn —m| i(n=m)t

n,m>1

Further, for k > 1,
. 2n . , .
w o(DRE) = 52 [ TR )P PR, o) ds
Y n+m 1 n i(n—m)s it s
—ZZf n)f(m e P(Re" ,e")ds

n,m>k

= Z Zf(n)mRHlen—mlei(n—m), .

n,m>k

Consequently, a change of summation yields

Sy g(N(Re") = 3 3 Y fm) fm) R R
k=1

k=1 n,m>k
mll'l n, m
_ZZ Z f R"+le" m| i(n—m)t
n,m>1
= Z Z f n)f mln n m)Rn+mR|”—m|ei(n_m)t
n, m>1

= [[ 1r@rpe. e dac). o
RD

Lemma 3.4. Let 0 < R< 1. If f is analytic on D, then

[[ e @lepdam - & [[ 17, dae)

R it
2,I/O f(Re") P, (Re")d .
Proof. We note that forall kK > 1,

(T (z/))(Re") = Re" (T, _, f)(Re"),
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and hence |(Tk(zj))(Re”)|2 = R2|(Tk_1f)(Re")|2. Now we apply Lemma 3.3
to the functions f and zf:

[[ 10 @,z dac)
RD
c- 1 2 ity,2 it
=S5 | T NR o, R

1 2n ; i
=RY 5z [ TR o, ke d

R* (¥ it 2 it
-x / |£(Re") g, (Re") dt

+R Z / T, /) (Re") g, (Re") dt
2 21t ) )
= %/0 lf(Re”)lz(l’ﬂ(Re”)dt+R2//RD (20, (2)dA(z).

This concludes the proof of Lemma 3.4. O

Prior to proving that M, is a bounded operator on D(u) we need one more
lemma.

Lemma 3.5. There is a constant ¢ = c(u) such that for every f € D(u) and
O<R<1,

= | " | f(Re" o, (Rt < clfIE.
2n 0 U - 4
Proof. We have f (Re") = f(0) + (T, f)(Re") , hence

If(Re™) < 2(1f () + (T N)(Re™)?)
<2 (ufui,z +y |<Tm<Re"‘)|2) :

k=1
By Lemma 3.3 this implies

1 [ ity 2 it
3= | R, (R dt

1 2n it [
<20 [ ouReydr+2 [[ 1@, 2 dA2)

< 2 eum+2 [[ 1 @0, () d(2)

2
<cfIi. o

Theorem 3.6. Let f be analyticon D. Then
feDu) e zf € D(u).




CYCLIC ANALYTIC TWO-ISOMETRIES 333

In fact, one has ||f||i < ||zf||z < (c+ 1)||f||i, where c is the constant from
Lemma 3.5.

Consequently, multiplication by z defines a bounded linear operator on D(u).
We shall denote it by (M, D(u)) or simply by M, .

Proof. First assume that f € D(u). Then both f and zf are H* functions,
and for 0 < R <1 we have by Lemmas 3.4 and 3.5

2+ [[ 1 @),z dAz)

2 ,2n . .
M+ 3 [ AR, R+ B [[ 17 (2P0 (2042

< (c+ VIS

Letting R — 1 we obtain zf € D(x) and ||zfI} < (c+ DS}
Now assume that zf € D(u). Again it follows that both f and zf are in
H?. For 0< R < 1 we have by Lemma 3.4

I2f12 > 2120 + / [ 1z @Pe,2)dA(z)

2n
= I+ o / 1Re"Po, (Reydi+ R [[ 11 ()Pp,(2)dA(2)

21/l + B [[ 17 2P0, (2)dAC).
Now we let R — 1 to obtain that f € D(u) and ||zf||” > ||f||” . O
Theorem 3.7. (M, D(u)) is a 2-isometry, ie., for every f € D(u) we have
122 £, = 202113 + A1}, = 0.

Proof. Cleatly, ||2°f|2 = 2l|zf|32 + |1/l = O for every f € D(u). Thus, it
is enough to show that

/ RD<|<z2f)’(z)|2 =20z @ +1f(2)")p,(2)dA(z) >0 asR— 1.

Consider

J] AN @F = 2Rz1) @ + R @) o (2) dA ()
S REREE Rzl(Zf)'(Z)lz)w,l(Z)dA(Z)

_R / / RS ()0, (2)dA(2)

= B [T ire" e, (R

2 pon . )
-/ (f—n /0 If(Re")|2¢,,(Re”)dt)

=0,

by Lemma 3.4 applied to zf and f.
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Hence

/ /R N @F =20 EF + 1 ()1, (2)dA(2)
=—201-8) [[ 1= (Po,2)dA(2)
1= [[ 17'@Pe,2)dA)

—0 asR—1, asrequired. O

In the followihg corollary we list some immediate consequences of Theorems
3.6 and 3.7. We keep the finite positive Borel measure fixed and write M,
instead of (M, D(u)). The direct difference of two subspaces .# and ./ is
MON = MHNN" and we et %,(D) denote the Cowen-Douglas class of
operators (for a definition see [5]).

Corollary 3.8. (a) If A € D, then M, — 4 is bounded below and dimD(u)©
(z = A)D(u) = dimker(M, - A)" = 1.

(b) o(M,)=D".

(c) M € #,(D).

(d) The polynomials are dense in D(u) .
Proof. (a) Let 2 € D and f € D(), then [[(M, - H)f1|, |2/, — A1, =
(I =1ADIS1, , because by Theorem 3.6 M, is bounded below by 1.

It now follows from Theorem 3.6 above and Lemma 2.1 of [8] that

dim D(u) © (z — A)D(u) = dimker(M, — A =1.

(b) By (a) we have D C g(M,) . Furthermore, Lemma 1(c) of [9] states that
for 2-isometries we always have o(M,) CD .

(c) follows from Theorem 2.10 of [8].

(d) Note that the constant functions are orthogonal to zD(u), thus by (a)
we have D(u) © zD(u) = {f: D — C: f is constant}. Now (d) follows from
Theorem 1 of [9]. O

4. BOUNDARY VALUES

In [9] we saw that, if T is a 2-isometry, then the positive operator D, defined
by D’=T'T-1 , plays an important role in the study of 7. We shall now
see that for the 2-isometry (M, D(u)) the operator D is unitarily equivalent
to an operator B that maps D(u) into Lz(u). Thus, associated with every
f € D(u) one has a “boundary value function” fe Lz(,u) . The results of this
section will be important in what follows.

Let Pz(u) denote the closure of the polynomials in L’ (#). The norm on
Pz(,u) is given by

2n .
Mgy = 35 | 1A€)P duts).
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Theorem 4.1. There is a bounded linear transformation B from D(u) into
P’ (1) which satisfies:
(@) If f € D(u) and the Taylor series of f converges absolutely and uni-

formly on D™, then (Bf)(e") = f(e") a.e. [u].
(b) Forall f e D(u) we have

101 U1 = fim o [ 17Re" P, (R
1 2n IS
=5 /0 (BN du(s) = 1BS 2

(c) If p is a polynomial and f € D(u), then B(pf)(e") = p(e")(Bf)(e")
a.e [u].
(d) If p is a polynomial, then

oIl —np||,,z+2 / T,p)(e") du(t).

Proof. If f € D(u) such that the Taylor series of f converges absolutely and
uniformly on D™, then define Bf by (Bf)(e") = f(e").

The polynomials are dense in D(u) ; thus, in order to verify that B extends
to a continuous operator on all of D(u) we only have to prove that (b) holds
for all f as above. We shall show that

AU = 5 [ 1 dut),

whenever the Taylor series of f converges absolutely and uniformly on D™ .
This will imply both parts (a) and (b) of the theorem because by definition of
the D(u) norm and Lemma 3.4 we have

1z~ A2 = lim o / |f(Re") 0, (Re"ydi

Let f € D(u) be such that the Taylor series of f converges absolutely and
uniformly on D™ . As in the proof of Lemma 3.3, an application of Fubini’s
theorem and a computation with the Poisson kernel yields

2 2 1 2 1 2 lt it is
21 =10 = fim 5z [ 52 [ 1R PPRE", € dtduts)
2n
— o 7\ phtm pln— m| i(n—m)s
im 5 | 3 S fm "R dp(s)

-5 /0 1) du(s)

by the Dominated Convergence Theorem.
To ve;'ify (c)let p bea polynomial and f € D(u). We have to show that
B(pf)(e") = p(e")(Bf)(e") ae. [u]. To this end, let ¢ > 0 and choose a
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polynomial g such that || f - qlli < &. We note that B(pg)(e") = pg(e") =
p(e")Bq(e") a.e. [u] by (a), thus
2 2 2
”B(pf) _pr”pz(ﬂ) < ”B(pf) - B(pq)”pz(#) + ||P(Bq - Bf)”PZ(u)

<(lzp(f - DI = Ip(f = 9)I2)

2n . .
+ %/0 Ip(e™)1(Bq - Bf)(e™)* duls).

Multiplication by p and by zp are bounded linear operators on D(u), hence
we obtain

2 2 2 2
1B S) - B, < C, (OIS = all> + IpI% I1Bq - BS 32,

G, - 4ll} < Cy(p)e.

Thus B(pf) =pBf since ¢ was arbitrary.
Finally, we shall show that (d) holds. Let p be a polynomial. Using the
definition of the D(x) norm and Lemma 3.3 we have to show that

2n
S5z [, 1T dut = X pm 5 [ (Tpre P, (R

The sums are finite since p is a polynomial; thus the interchange of sum and
limit causes no problems.

This identity follows immediately from an application of (b) to the functions
I,p. O

Note that the map B may have a nontrivial kernel; e.g. let 4 be a unit point
mass at 1 and f be any polynomial vanishing at 1, then (Bf)(e") = 0 a.e.
(u].

Of course B depends on the measure . We shall write B = B” when
we want to stress this dependence. It may happen that an analytic function
f is contained in D(u) N D(v) for two measures x4 and v. We shall see
below that in this case there is a Borel measurable function f on T such that
(B*f)(e") = f(e") ae. [u] and (B"f)(e") = f(e") ae. [v].

Furthermore, the spaces D(u) are contained in H 2 hence associated with
every f € D(u) there is a radial limit function f e L (m) defined a.e. by
f (ei') = lim,_ f (re"). If the Taylor series of f converges absolutely and
uniformly on D™, then f(e) = f(e") = B"f(e") ae. [u]. However, in
general the measure x4 may not be comparable with Lebesgue measure on T
thus for general functions f € D(u) we have to distinguish between f and
B f. The next proposition will imply that if u is absolutely continuous, then
fle"y =B f(e") ae. [u].

In the following we shall write 4 <« v, if u is absolutely continuous with
respect to v. We shall write [u] = [v], if 4 and v are mutually absolutely
continuous.
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Lemma 4.2. Let u and v be positive finite Borel measures on T. If u < v
and f € D(u)ND(v), then B*f(e") = B"f(e") ae. [u].
Proof. Define a finite positive Borel measure ¢ on T by do = du+dv. Then
u<Lv<<ao. feDu)nD(v) implies that f € D(o).

By Corollary 3.8(d) there is a sequence of polynomials {p, } suchthat {p,} —
f in D(c). It follows from the definition of ¢ that {p,} — f in D(u)
and in D(v). Thus, Theorem 4.1 implies that {B"p,} — B*f in P*(u) and
{B°p,} - B'f in P?(v). Also by Theorem 4.1 we have B“pk(ei’) = pk(eit)
a.e. [u] and B"pk(ei’) = pk(e") a.e. [v]. Hence we can first choose a sub-
sequence of {pk(e”)} that converges a.e. [u] to B*f (e”) and then choose a
further subsequence, which converges a.e. [v] to B’ f (e”) . We denote this sub-
sequence by {g,}. The assumption 4 < v implies that {qk(ei’)} — B f (e")
ae. [u], as well as {g,(e")} — B"f(e") ae. [u]. Thus B”f(e") = B f(e")
ae [u]. O

Proposition 4.3. Let . be a collection of positive finite Borel measures on T
such that there is a countable subcollection {p,}, . €& suchthat Vv € & 3n €
Naov<uy,.

For every measure v € ¥ let dv = dv, + dv_ be the decomposition into
absolutely continuous and singular parts.

If f €N, D(v), then there is a Borel measurable function f such that for

every ve f(e")=B"f(e") ae [v] and f(e") = f(e") ae [v,].
In particular, if f e H ? and zf5’f consists of all positive finite Borel measures

v that are absolutely continuous with respect to Lebesgue measure and such that
f € D(v), then for every v € &, we have B’ f(e'") = f(e") a.e. [v].

Proof. Let & be a collection of measures satisfying the hypothesis of the
proposition, and let f € (), ., D(v).

We may assume that for every n € N, u, # 0. Furthermore, by multi-
plying u, with a constant we even may assume that u,(T) = 1. Let ¢, =
max{||f1l; , 1}-

Now define a positive Borel measure ¢ on T by do =Y -5 du, . Then
d(T) <1, 1ie., o is a finite Borel measure, and u, < . By the choice of c,
one readily verifies that f € D(a). .

We set f(e'’) = (B f)(e") whenever this is defined and f(e') = 0 other-
wise.

Let v € /. Then the assumption implies v < ¢ and f € D(g) N D(v);
thus, it follows from Lemma 4.2 that B” f(e'') = B? f(e") = f(e") a.e. [v].

To finish the proof we have to show that f (e") = f (e”) a.e. [v,] for every
v € . The proof is similar to the proof of Lemma 4.2. Let {p,} be a
sequence of polynomials that converges to f in D(a).

Then {p,} convergesto f in H? and to f in PZ(o). It follows that {p,}
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converges to f in Lz(m). Thus, as before there is a subsequence {pnk} of

{p,} such that {pnk(e")} — f(e") ae. [m] and {pnk(e")} - f(e") ae. [0].
The measure v, is absolutely continuous with respect to both g and Lebesgue
measure; thus

{p, (")} = J(e") ae. [v,],
as well as

{p, (")} = fle") ae.lv,].
This implies f(e”) = f(e") ae. [v,]. O

In the following we shall often have no need to refer to the map B ; thus
for ease of notation we shall write f instead of Bf. If in some context sev-
eral measures are present, then by / we mean the function whose existence is
guaranteed by Proposition 4.3. However, we keep in mind that f is associated
with a family of measures as above.

5. THE REPRESENTATION THEOREM FOR CYCLIC ANALYTIC TWO-ISOMETRIES
We are now ready to prove our main result about the spaces D(u).

Theorem 5.1. Let T € & (#). The following are equivalent:
(a) T is a cyclic analytic 2-isometry,
(b) T isa2-isometry and T" € B,(D),
(c) there is a positive finite Borel measure u on T such that T is unitarily
equivalent to (M, D(p)).

Proof. In §3 we saw that (c) implies both (a) and (b). Furthermore, to see that
(b) = (a), recall from [5] that if T* € Z,(D), then T is unitarily equivalent
to M, acting on some Hilbert space of analytic functions, hence (), T"¥% =
{0} . It now follows from Theorem 1 of [9] that T is cyclic.

Thus, to finish the proof of the theorem we have to show (a) => (¢). Assume
that T is a cyclic analytic 2-isometry. By Lemma 1 of [9] any 2-isometry is
bounded below by 1. Also, since T is analytic it cannot be onto; thus that T
has a cyclic vector implies that dimker 7" = 1. Solet x, eker 7™, |Ix | = 1.
By Theorem 1 of [9] X, is a cyclic vector for T, and for any polynomial p we
have by Lemma 2.1

2 2 2
(5.1) Ip(T)x,|I” = 1Pl + Y I1Dp (T)x, |l
k=1

where D’ = T*T — I and p,(z) = (T,p)(z) (T, as in §3).

Note that kerD € LatT . Indeed if x € ker D, then ||DTx||2 = |T*x|? -
ITx|)? = |ITx||* - Ix|I* = |Dx|* = 0, since T is a 2-isometry.

Define a norm on (kerD)L by |x|l = |IDx||, and let Z° be the completion
of ((kerD)J‘, Il | 7). Now define a linear transformation T on (kerD)J“ by
Tx = PTx, where P denotes the projection of /# onto (ker D)l . For every
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€ (kerD)* we have ||Tx|, = |[DPTx| = |DTx|| = |Dx|| = |lx||5 . Thus,
T extends to be an isometry on % .

Claim. PXx, is a cyclic vector for TeZ (Z).

Proof (of the claim). Ker D' is dense in % ; thus it is enough to show that
an arbitrary element x € ker D™ can be approximated in || || & Dy elements
of the form ¢(T)Px,, where g is a polynomial. But ¢(T)Px, = Pq(T)Px, =
Pq(T)x,, because (I — P)x, € kerD, hence q(T)(I — P)x, € kerD = ker P.
Thus
Ix = a(T)Px,ll5 = IDx = DP(T)x,ll = |Dx — Da(T)x,|
<1IDI flx = a(T)x .

Now the claim follows, because x, is a cyclic vector for T .

We now know that 7 is a cyclic isometry; hence it is a cyclic subnormal
operator. By Bram’s theorem (see [2]) there is a positive finite Borel measure
i on ag(T) C T such that T is unitarily equivalent to M, on P’ (u), and
the cyclic vector Px, corresponds to the function 1. Thus ||g( )Pxoll 7 =
ﬁ 02" |q(e'")|2 du(t) for every polynomial gq. Hence, if g is a polynomial,
then

(5.2) IDg(T)x,|I* = | Dg(T)Px,||* = ||DPq< T)Px,|’

~la(PPrl = o [ et ).

Define a linear transformation U from the polynomials into # by p —
p(T)x,. The polynomials are dense in D(u), thus the following computation
will show that U extends to be an isometry D(u) — # . Also, since U has a
dense range it will in fact extend to be unitary.

Use formulas (5.1) and (5.2) to obtain for every polynomial p

2 2 2
I2(T)X)1™ = 1Pl + D IDp (Tl
k=1

1 2n .
= ol + o 37 | e duco)
k=1

2n .
— ol + X 5 [ T duto)
k=1

2
= pll%.

The last identity follows from Theorem 4.1(d).
This concludes the proof of the theorem since it follows from the definition
of U that UM, =TU. O

The following theorem says that (M, D(u)) is a canonical model for cyclic
analytic 2-isometries.
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Theorem 5.2. (M,, D(u)) is unitarily equivalent to (M,, D(v)) if and only if
u=v.
Proof. Suppose there is a unitary operator U: D(u) — D(v) such that UM, =
M,U . We have to show that u=v.

First note that U1 =1 because 1.LzD(u) and 1LzD(v). Hence, for every
polynomial p we have Up = p. Furthermore U is unitary, thus we have
||zp||Z - ||p|[i = |]zp||12, - ||p||12, . By Theorem 4.1 this implies that

2n . 2n .
3 | el dun = 5 [T ipe)Pavin,

for all polynomials p . Using polarization we obtain

i/he"”'d (1) = i/zne""’du(z) Vnez
2rn 0 H -27T 0 )

This clearly implies u =v. O

6. MULTIPLIERS, SIMILARITY, AND QUASISIMILARITY

The following results about multipliers between D(u) spaces are rather tech-
nical. However, by a well-known argument due to Shields and Wallen [12],
one knows that any operator intertwining (M,, D(u)) and (M,, D(v)) can
be represented as multiplication by some analytic function ¢ . Using this, the
results about multipliers will give us results about quasisimilarity and similarity
of (M,, D(u)) and (M,, D(v)).

Lemma 6.1. Let i and v be two finite positive Borel measures on T. Then
@ 12" = 112+ nllfl3a,, ¥f€Dw), neN.
() If f € D(v), g € D), and ¢ > O such that ||z"f]|, < c||z"g||”
Vn € N, then i
”f”pz(,,) < C”g”pz(u) :

Proof. (a) We have |21} — £} = Sp_, (12°F1 = 1257 £11) = nll Flipeg,,
by Theorem 4.1(b) and (c).
(b)-From the assumption and part (a) we obtain

2 ) 2 2
A2+ nll e, < clligll +nllgl}e,)} VneN.
Now divide this inequality by n andlet n —» co. 0O
The author feels that the equivalence of (b), (c), and (d) of the following
theorem are known. However, he has not been able to locate a reference.

Theorem 6.2. Let u, v be finite positive Borel measures on T. The following
are equivalent:

(a) D(u) € D(v).
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(b) 3c > 0 such that for every polynomial p

L e P v < et / o dul)
2n Jo p - 2m ) P A

(¢) 3¢ >0 suchthat ¢,(z) <cop,(z) Vz€D.

(d) v < u and the Radon-Nikodym derivative dv/du is in L™ (n), ie.,
dv =hdu for he L(u), h>0.

Proof. 1t is clear that (d) implies (c). Also the implication (c) = (a) follows
immediately from the definitions. Thus, to finish the proof we have to verify
that the implications (a) = (b), (b) = (c), and (c) = (d) are true.

(a) = (b). It follows from the closed graph theorem that the inclusion map
from D(u) into D(v) is continuous, hence there is a constant ¢ > 0 such that
A1, <clfll, forall feD(u).

Now let p be a polynomial. For n € N substitute f = z"p into the previous
inequality, and then use Lemma 6.1(b) to deduce that ||j|| P S clipll P(u) -
This implies (6.1). .

(b) = (¢). Fix z € D. For every n € N define a polynomial pn,z(e") =

V1-12P i Ze™ . Then |p, (") = P(z, e")|1 — z"¢™™|*. Substitute
this into (6.1) and let n — oo to see that ¢ (z) < cwﬂ(z)

(c) = (d). Define a Borel measure on T by ¢ = cu —v. Then do =
cdu — dv, hence the assumption (c) implies that (1/27) [ P(z, e)da(t) is
a nonnegative harmonic function. Thus, it follows that ¢ is a positive Borel
measure (see e.g. [7, p. 6]). This clearly implies v <« u, and the Radon-
Nikodym derivative h = dv/du satisfies h(e") <c ae. [u]. O

(6.1)

The following corollary immediately follows from Theorem 6.2.

Corollary 6.3. Let u, v be finite positive Borel measures on T. The following
are equivalent:
(@) D(u) =D(v).
(b) 3¢, C >0 such that cp,(z) <9,(z) < Cyp,(2) VzED.
(¢) v and u are mutually absolutely continuous, and the Radon-Nikodym
derivative h = dv/du satisfies h, 1/h € L (u) = L*(v), ie., dv =
hdu for h, 1/he L=(u), h >0 a.e. [u].

Definition 6.4. Given a positive finite Borel measure 4 on T and a function
f € D(u) we define a finite Borel measure u, by du, = |f|2 du.

Note that, if u is absolutely continuous, then f coincides with the radial
limit function f of f (see Proposition 4.3). Thus, if f # 0, then |f |2 is
strictly positive, except maybe on a set of Lebesgue measure 0. This implies
that in this case x4 and u s are mutually absolutely continuous.

Below we denote the set of multipliers {¢ € D(v): ¢D(u) C D(v)} by
M(D(u), D(v)). We shall write M ” for the multiplication operator f — ¢ f.
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Lemma 6.5. Let u,v be finite positive Borel measures on T, and let ¢ €
M(D(u), D(v)). Then D(u) C D(v,); thus there is h € L™(u), h >0,
a.e. [u] such that dv, = hdu.

If pD(u) isclosedin D(v) (equivalently, M, is bounded below), then D(u) =
D(v,). Thus, in this case [u] = [v,] and there is h € L™(u) such that
1/h € L®(u) and dp = hdv, = h|¢|* dv .

If 9D(u) is dense in D(v), then v and v, are mutually absolutely contin-
uous, hence u < v.

We shall postpone the proof until after the next corollary, whose first part
follows immediately by taking u = v. Note that one always has M (D(u)) C
H™.

Corollary 6.6. If ¢ € M(D(u)), then ¢ € L™(u). If M, is bounded below,
then 1/¢ € L=(u).

Suppose [u] = [m] and ¢ € M(D(u)) is outer. Then M, is bounded below
ifand only if 1/9p € M(D(u)).

Proof. The first part follows from Lemma 6.5.

Suppose that ¢ and m are mutually absolutely continuous measures. If
1/¢ € M(D(n)), then M, is invertible and, in particular, it is bounded below.
So assume that M ” is bounded below. Of course, ¢ € D(u). By the first part

and Proposition 4.3, 1/p € H®. We have (1/¢)' = —(1/(/)2)(0' , hence 1/¢ €
D(u). If p is a polynomial, then (1/¢)p € D(u) and |p||, = [|1M,(1/¢)pll, >
cll(X/o)pll, . ie., 1/p € M(D(n)). O

Proof (of Lemma 6.5). The assumption implies that there is a ¢ > 0 such that
lpell, < cllpll, for all polynomials p. By Lemma 6.1(b) and Theorem 4.1 it
follows that

3= [P dv, =5 [1el1or dv <5 [1o du.
Thus Theorem 6.2 implies the first part of the lemma.

If M¢ is bounded below, then there are constants ¢, C > 0 such that
c||p||#,5 lpell, < C||p||# for all polynomials p. The same argument as in
the first part of the proof implies that x4 and v, are mutually absolutely con-
tinuous and thereis an A € L°°(1/¢) such that 1/h € L°°(1/¢) and du = hdv, =

h|¢|2du . By Corollary 6.3 this means D(u) = D(v,).

To finish the proof we have to show that v, and v are mutually absolutely
continuous if ¢D(u) is dense in D(v). We note that it follows from the as-
sumption that ¢ must be a cyclic vector for (M, D(v)). Thus the verification
of the following claim will conclude the proof of the lemma.

Claim. If ¢ is cyclic in D(v), then V({e": (/S(ei') =0}) =0. Thus, v, and v
are mutually absolutely continuous.
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Proof (of the claim). We may assume that v # 0. Let E = {e": §(e") = 0}
and assume that v(E) > 0. We have to show that ¢ is not cyclic in D(v).
If p is a polynomial, then

1 1 . 2
O<EU(E)—§;A|p¢—1| dv
<L /|p¢—1|2dv<cup¢—1n2.
~2n Jt - v

Thus, it follows that ¢ cannot be cyclicin D(v). O

Recall that two operators T, € Z(#]) and T, € Z(#) are said to be
similar if there is an invertible operator S € Z(#], #;) such that ST, = T,S .
T, and T, are said to be quasisimilar if there are injective operators X €
L (A, #) and Y € (A, #]) such that both X and Y have a dense range
and the intertwining relations X7, = T,X and T,Y = YT, hold.

Note that, if 7| is analytic and quasisimilar to T,, then T, is analytic as
well. Indeed, suppose that ,.,7;# = {0} and Y is I-1 such that T,Y =
YT,. Let # =, T, 7. Wehave YA C (N, YT, % =0T, Y% C
Npso T1'7% = {0}. Y is 1-1, hence it follows that .# = {0} . Also, if T, hasa
cyclic vector, then T, must have a cyclic vector as well.

Thus, if (M,, D(u)) is quasisimilar to a 2-isometry T, then T must be
a cyclic analytic 2-isometry. By Theorem 5.1, T is unitarily equivalent to
(M,, D(v)) for some v. The following theorem gives a necessary condition
on x4 and v for (M,, D(u)) and (M,, D(v)) to be quasisimilar. We shall see
later (see the remark after Proposition 6.8) that this condition is not sufficient.

Theorem 6.7. If (M,, D(u)) and (M,, D(v)) are quasisimilar, then u and v
are mutually absolutely continuous.

Proof. Let X € Z(D(u), D(v)) and Y € Z(D(v), D(u)) be the opera-
tors that institute the quasisimilarity between (M,, D(u)) and (M,, D(v)).
Then X and Y intertwine (M,, D(u)) and (M,, D(v)), hence they can be
represented as multiplications by some analytic functions ¢,, ¢,. The poly-
nomials are dense in D(u) and D(v); thus we have ¢ D(u) C D(v) and
9,D(v) C D(u), where the containments are dense. It now follows from Lemma
6.5 that 4 and v must be mutually absolutely continuous. O

In the special case where one of the measures is Lebesgue measure we can
prove the following.

Proposition 6.8. Suppose f € DNH® is an outer function. If (M, D(m 7)) is
quasisimilar to (M, D), then f is cyclicin D.

Proof. f € H™ implies that |f|* € L®(m) ; thus by Theorem 6.2 we have D C
D(m). As in the proof of the previous theorem it follows from the hypothesis
that there is a function g € D such that gD(m f) C D densely. g must be
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cyclic in D, and in particular, it must be an outer function. Furthermore, we
have gD C gD(m f) C D, ie., g is a multiplier of the Dirichlet space.

Now let & = g/f. Then h is an outer function and |Z|°dt = |g|*dt =
ihl2|f|2 dt = |h|2|f|2 dt. The containment gD(m,) C D implies by Lemma 6.5
that |i1|2 € L=(m), ie., h € H”. Hence we have |g(z)| < ||A|l|f(z)| for
every z € D. The fact that g is a multiplier and cyclic together with Corollary
1 of [3] now implies that f must be cyclic as well. O

We see that,if f € DN H® is an outer function which is not cyclic in D,
then (M, D(m f)) and (M,, D) are not quasisimilar even though m and m 7
are mutually absolutely continuous. The existence of noncyclic outer functions
in D is a well-known fact. That there are bounded noncyclic outer functions
in D follows from the results in [10].

In Theorem 7.5 we shall see that, if f is a rational function with poles off
the closed unit disc, then (M,, D(m 7)) and (M, D) are quasisimilar.

If (M,, D(u)) and (M,, D(v)) are similar, then the similarity must be given
as multiplication by some analytic function ¢ and ¢D(u) = D(v). Thus the
following corollary follows immediately from Lemma 6.5. We state it again for
clarity.

Corollary 6.9. If (M,, D(1)) and (M,, D(v)) are similar and ¢ € D(v) such
that oD(u) = D(v), then u and v are mutually absolutely continuous and there
is he L™(u), h >0, ae [u] such that 1/h € L™ (u) and du = h|¢3|2du,
ie, pD(v,) =D(v).

We shall conclude this section with a theorem that indicates how special the
Dirichlet shift is among the 2-isometries. Note that it follows from Corollary
6.7 that (M, D(u)) is quasisimilar to the unilateral shift (= (M, H 2)) if and
onlyif u=0.

Theorem 6.10. If u # 0 and (M,, D(u)) is similar to a weighted shift operator,
then it is similar to the Dirichlet shift.

Proof. Let {e,} be an orthonormal basis for the Hilbert space # and {w,} be
a sequence of nonnegative numbers such that Te, = w e, , defines a bounded
weighted shift operator on # . Assume that T is similar to (M,, D(u)) via
the similarity S € Z(#, D(u)), i.e., M,S = ST. Clearly (M,, D(u)) is
injective; thus we may assume that none of the weights are zero.

Below B € Z(D(u), P’ (1)) will denote the operator from Theorem 4.1.
Recall that ker B € Lat(M,, D(u)) and kerB # D(u) since u # 0. ¢, isa
cyclic vector for T', hence Se, must be cyclic for (M,, D(u)). It follows that
Se, ¢ kerB.

We shall prove that T is similar to the Dirichlet shift by using Theorem
2(b) of [11, p. 54]. It says that two weighted shift operators with positive
weight sequences {w,} and {v,} are similar if and only if the sequence
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{wyw, ---w, /vy, ---v,},5, is bounded away from zero and infinity indepen-
dently of n. -
The weights of the Dirichlet shift are v, =+ 2)/(j+ 1), j>0. Hence

H;:ol Uf =n+1 forevery n € N. Thus,

2 2
ISeoll% + nllBSeyl}z

0<C < 5
(n+D)ISI
1M Se,
2 -1 2
_ ST el _ IT"l* _ [T
(n+ DISI? ~ n+1 0
- —12 2
L ISTIIST eyl IS NP1, Sl
= n+1 - n+1
STUPISe I + n||BSe,|
_ ” ” (” 0”:-'- 1 “ o"pz(ﬂ)) < C2 < oo,

Hence it follows from the above quoted theorem that T is similar to the
Dirichlet shift. O

7. INVARIANT SUBSPACES

If f € D(u) and fD(v) is contained and closed in D(u), then it is an
invariant subspace of (M,, D(1)). By Lemma 6.5 we can substitute u, for
v, i.e., in this case # = fD(u ) is an invariant subspace of (M,, D(u)). Of
course we have dim.# & z# =1 (see Theorem 5.1).

Conversely, if .# is an invariant subspace of (M,, D(u)) which satisfies
dimA# o z# =1, then M |# is a 2-isometry that satisfies the hypothesis
of Theorem 5.1. Thus, there is a positive finite Borel measure v on T such
that (M, D(v)) is unitarily equivalent to M _|.# . The following theorem will
explain the relationship between u and v.

Theorem 7.1. Let .# be an invariant subspace of (M,, D(u)) that satisfies
dmA ozl =1.

Iffed oz, |fl,=1, thn £ =fDu,) and |fell, = llgl, for
every g € D(uf).

In particular, every invariant subspace of the Dirichlet shift (M, D) is of the
form fD(m f).
Proof. The polynomials are dense in D(u f). Furthermore, by Theorem 1 of
[9] we know that the polynomial multiples of f are dense in .# . Thus, it is
enough to show that ||fp||, = || " for every polynomial p.

Recall that for a polynomial p(z) = 3, _, p(n)z" and for a nonnegative
integer k we use the notation p, = T;p to denote the truncated polynomial
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p(z) =%, B(n)z". One has # © z# = ker(M,|.#)". Thus, Lemma 2.1
applied with the operator 7' = M,|.# and the vector x, = f yields

IpSA1 = el + S (1zp, A1} — 2, f113)

k=1
= 1plie+ X 57 [ ez auo
= Il

Here the last two equalities follow from Theorem 4.1.

The statement about the invariant subspaces of the Dirichlet shift now follows
immediately because by Theorem 2 of [10] dim.# ©z# =1 for every nonzero
invariant subspace of (M,, D). O

Thus, in order to precisely describe all invariant subspaces of the Dirichlet
shift one needs to identify all functions f € D which satisfy fL1z"f for all
n € N. This may be hard and it may be easier to first determine all f € D such
that fD(m ;) is closed in D. We now give an example.

Example 7.2. Let r >0, g(z)=e ""/1=2 ‘and f(z) = (1 - 2)g(z).

Since m is Lebesgue measure and g is an inner function, it follows from
Proposition 4.3 that |f(e”)| = |1 — e"|. Thus, dm,(t) = |1 - e"|*dt. This is
the same measure as in Example 3.2 and we recall that q)mf( z)=2(1-Rez)=

-z +1-]z.
Claim. fD(m f) is an invariant subspace of (M, D).

We know that the polynomials are dense in D(m f) ; hence it will suffice to
show that there are constants ¢, C > 0 such that for every polynomial p

1) e (nu - 2)gple+ [[ 11 z)gp)’(z)fdA(z))
<lplie+ [[ 10')Po,, () dA(z)
<c (u(l - gl + [[ 101 - z)gp)’(z)fdA(z)) .

To verify this it will be convenient to use Carleson’s representation formula for
the Dirichlet integral (see [4]). We apply that formula to (1 — z)gp and to
(1 - z)p and, since g(z)=e ""*2/=2 we obtain

/D|((1_z)gp)'<z)|2d,4 LIl + //| (1 - 2)p) (2)} dA(z).
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Thus,

11 - 2)gplle + / / (1 - z)gp)'(z)fdA(z)
< (4+3) Wl + [[ 101 - 20 ()1 2
<c (upu,,z + [[ W@ - da+ [ D|p<z>|2dA(z>)

<c(Iplis+ [[ 1910, (2144))

since |1 — z|2 < (om/(z) and because the L;‘:-norm is smaller than the H’-norm.
This establishes the first half of (7.1).

Now compare (7.1) and (7.2) and note that in order to finish the proof it will
be sufficient to show that

/ P'(2)(9,,, (2)dA(2) < C ( / 11 2)p)'(2)] dA(z) + upni,z) :

We have (1 —z)p' = ((1 - z)p)' + p; thus

[0 e, @iz = [[ P12+ (1= 12 dacz)

o([[ w27 dac >+||pn,,z) (see §2)

C(//' (1= 2)p) () d(z / p(2) dA(z) +||p||Hz>
(//' (1= 2p)'(2)[ da(z >+||p||Hz). .

In §6 we have obtained some necessary conditions for (M, D(u)) and
(M,, D(v)) to be similar operators and we have seen that the only weighted
shifts that they can be similar to are the unilateral shift or the Dirichlet shift.
For restrictions of the Dirichlet shift to an invariant subspace we can now easily
prove the following proposition, which might be considered somewhat surpris-
ing.

Proposition 7.3. Let D = D(m) denote the Dirichlet space. If # € Lat(M,, D),
then M ,|.# is similar to a weighted shift operator if and only if # is generated
by a finite Blaschke product. In this case it is similar to the Dirichlet shift.

IN

IN

I/\

Proof. If f € D, thenlet [f] denote the smallest invariant subspace of (M, D)
containing f .

Multiplication by a finite Blaschke product B is bounded below in (D),
hence it is clear that [B] = BD and that M, |[B] is similar to the Dirichlet
shift.

To prove the converse assume that # € Lat(M,, D), .# # (0). Let f €
M SzMH, ||fl,, =1. Then M, |.# is unitarily equivalent to (M,, D(m)).
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m, # 0, thus by Theorem 6.10, M, |# is similar to (M,, D). Since # C D
the similarity must be given by a multiplier ¢ € M (D), which is bounded
below. Let ¢ = S¢, be the inner-outer factorization of ¢ . Multiplication by
an inner factor always increases the Dirichlet norm (see [4]); thus ¢, € M(D).
Furthermore, by Proposition 4.3, ¢ = ¢ = ¢, = ¢, in Lz(m). It follows
from Corollary 6.6 that 1/¢, € L>(m) and hence 1 /9, € H . This implies
1/9, € D and |IS|,, = IM,(1/9)l,, < clil/@\ll,,- Thus S € D, ie, =8B
must be a finite Blaschke product. This implies that M, is a multiplier and
bounded below. Hence M, 0, is bounded below. By Corollary 6.6, 1/¢, € M(D)
and # =[B]. O

We shall now conclude this section by showing that quasisimilarity of re-
strictions of (M, D) to invariant subspaces is more common than similarity.
Recall that the disc algebra is the space of all analytic functions on D that
extend to be continuous on the closure of D.

Lemma 7.4. Suppose f is analytic on D and thereisan ¢ >0 anda ¢ >0
such that for all z €D

@ -12) " <.
Then [ is in the disc algebra and fD(m) C D and D C D(m,).

Proof. It follows from a theorem of Hardy and Littlewood (see e.g. Duren,
Theory of H? spaces, p. 74) and the assumption that f is in the disc algebra
(and satisfies a Lipschitz condition). This implies that |f |2 € L™(m) . Thus by
the definition of m, and by Theorem 6.2 we obtain D C D(m).

We shall finish the proof by showing that

J[ 1w @i dac <cply,
D

For any analytic function f on D one has |f (z)|2 < q)mf(z) forevery zeD.
Thus,

[[ 1w da)
<c([[W@serane + [[ e @rdae)
CE//w o, (2)da(z) + [[ (1= 1217 da(z))

<c([[ W @re, daz +clpliz) < Clol], - o

IA

Theorem 7.5. If f is a rational function with poles off the closed unit disc, then
(M,, D(mf)) is quasisimilar to (M, D).

Proof. First note that one can find a finite Blaschke product B and a rational
function g with no poles in D~ and no zeros in D such that f = Bg. By
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Corollary 6.3, (M,, Dm,) is similar to (M, Dmg), so in order to finish the
proof of the theorem it suffices to show that (M, D, ) is quasisimilar to
(M,, D). )

But g satisfies the hypothesis of Lemma 7.4 and clearly D is densein D(m )
(it contains the polynomials), hence we have to show that gD(m ) is dense in
D . This will be the case if g is a cyclic vectorin D.

To see that g is cyclic one needs to recall results of Leon Brown and Allen
Shields. In fact, the conclusion is immediate from [Proposition 8, p. 275,
Lemma 8, and Proposition 13, p. 289]. O

We note Example 7.2, Theorem 7.3, and Theorem 7.5 imply that there are
quasisimilar analytic 2-isometries that are not similar to one another. Indeed,
if p(z) = 1 — z, then by Theorem 7.5, (M,, D(mp)) is quasisimilar to the
Dirichlet shift. On the other hand, by Example 7.2 we know that (M, D(m,))
is similar to M, |.# , where .# € Lat(M,, D) and all functions in .# have
a singular inner factor. Now, if M |# were similar to (M, D), then by
Theorem 7.3, .# would have to be generated by a finite Blaschke product.
This is clearly impossible. Thus (M, , D(m,)) is not similar to the Dirichlet
shift.

This observation is in contrast to the fact that quasisimilar isometries must
be unitarily equivalent.

REFERENCES

1. J. Agler, A disconjugacy theorem for Toeplitz operators, Amer. J. Math. 112 (1990), 1-14.
. J. Bram, Subnormal operators, Duke Math. J. 22 (1955), 75-94.

3. L. Brown and A. L. Shields, Cyclic vectors in the Dirichlet space, Trans. Amer. Math. Soc.
285 (1984), 269-304.

4. L. Carleson, A representation formula for the Dirichlet integral, Math. Z. 73 (1960), 190-
196.

5. M. J. Cowen and R. G. Douglas, Complex geometry and operator theory, Acta Math. 141
(1978), 187-261.

6. P. R. Halmos, Ten problems in Hilbert space, Bull. Amer. Math. Soc. 76 (1970), 887-933.
7. P. Koosis, Introduction to H”-spaces, Cambridge Univ. Press, 1980.

8. S. Richter, Invariant subspaces in Banach spaces of analytic functions, Trans. Amer. Math.
Soc. 304 (1987), 585-616.

9. —, Invariant subspaces of the Dirichlet shift, J. Reine Angew. Math. 386 (1988), 205-220.

10. S. Richter and A. L. Shields, Bounded analytic functions in the Dirichlet space, Math. Z.
198 (1988), 151-159.

11 A. L. Shields, Weighted shift operators and analytic function theory, Math. Surveys, vol. 13,
Amer. Math. Soc., Providence, RI, 1974.

12. A. L. Shields and L. J. Wallen, The commutants of certain Hilbert space operators, Indiana
Univ. Math. J. 20 (1971), 777-788.

13. G. D. Taylor, Multipliers on D, , Trans. Amer. Math. Soc. 123 (1966), 229-240.

[

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TENNESSEE, KNOXVILLE, TENNESSEE 37996-
1300




